Day 3- Classification and Graphing of Functions and their Inverses

Functions may be special in that they can have some form of symmetry or
property. An even function is symmetrical in the y-axis. An odd function is
symmetrical in the origin. A 1-1 function is special in that every y value (output)
can be uniquely reversed to exactly one x-value (input). The inverse of a
function f(x) is usually denoted by f'*(x). Note that only 1-1 functions have

inverses that are themselves functions. Why?

Also, the graph of an inverse function is symmetrical to the graph of the original
function. What is this symmetry and why?

Note: The symbol for an inverse can be confusing, as students tend to confuse it
with a reciprocal function. This is understandable, as the raised -1 has two
different meanings. Look for this in context. Even then, it can be confusing. For
example, if we look at f(Xx)=cosX, is

| 1 . .
tan'' x phves cotx (ie as areciprocal)?
anx

ordo we mean tha tany = x (iey istheangle whose tangent isx) ???? It is unclear.

Normally, when we see tan™x we assume it is the inverse (the second one).
However, when you wish to find the derivative of something like y= cotx and if
you forget the formula for the, you may wish to write this in the first form.

Conditions for even, odd, 1-1 functions, inverse functions and their derivatives:



Examples: Decide whether the following functions are odd, even, 1-1 and find
the inverse of each. Find also the domain and range.
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a) f(x)=



Yl

b) g(x) =

¢) h(x) =2snx, where xe {—%%}



Note that in the previous example, the restriction in the domain made the function
1-1. What restrictions should made on the graphs of y=cosx and y=tanx to
guarantee their inverses will be a function? Note: the restriction should be such
that the angles are as small as possible (closest to zero) that still allow for every
output possible.

Example 2: What type of function is f(x) = cosx ? What type of function is its
derivative f!(x)? What type is f”(x)? Generalize the result for odd and even
functions.

Example 3: Draw the graph of f(x)=—-+/x—3and its inverse on the axes below.
Find f’(4). Let f~'(x) = g(x). Find g’(-1). Explain how these are related and make a

conjecture about a general relationship between the slope of a function and the
slope of its inverse (assuming the function is 1-1).




Example 4: Let g(x) be the inverse of the function f(x). If f(x)=x3+x! 4,
a) Show that f(x) is a 1-1 function.
b) Find g(-2)
c) Find g!("2)



Composition of functions B May be written as f o g(x) =f(g(x))

Let f(x)= —%XS +%x2 andg(x) = —3x—3+6Jx+1

a) Draw a sketch of f(x)=! %x3+%x2 andg(x)="!3x! 3+6vx+1 inthe

interval [! 1, 3] separately on the axes shown below, indicating intercepts

and any relative extrema (max/mins).
f(x) g(x)

1 b) P

Find f(g(3)) and f(g(0).
c) Find if A(x)= f(g(x)). Find h!(3) graphically.
d) Find the number of horizontal tangents /(x) has in the interval [-1,3]?



Day 3- Problems-No calculators- All answers should be in exact form

1. State whether the following functions are even, odd, 1-1. In each case, find
the domain, range. Find the inverse of each and state if the inverse is a function.

a) f(x)=Vx*-16
b) h(x) = x?

c)g(x)=2sn''x +E (note: that to clarify, one can use 2arcsinx to mean the

same thing as 2sin'*x)

2. 1f f(x)=2x+Inx, andg(x) = f'*(x), findf (1), f"(1) andg"(2). Does f(x)=2x+Inx
ever have a slope of zero?

3. Using f(x)=+/x*! 16 again, find f’(5). Find also the derivative of the inverse
of f at x=3. Comment on how you can do this in two ways.

. . . . 3x+1 o
4. Determine the points of intersection of y = 3 and its inverse. How could
X

you do this most efficiently?

5.1f h(x)=f(g(2x)), and it is known that

f@Q)=14, f'(1)=5, g(6)=1, g'(6)=9, then h'(3) equals:
(A) 45 (B) 30 (C)PL5 (D) 90 (E) 60
6. g(x) is an even function and f (x) is an odd function.

Itis known that f(4)=6, f'(4)=3, g(4)=8, and g'(4)=-3.
If h(x):%, then h'(-4)=

21 3
(A) % (B) o (©) 21 (D) 32 (E) cannot be found



7. The graphs of two functions f(x) and g(x) are shown below. They are valid in
the interval [-4,4].

J(x)

a) Is f (x) even or odd? Is g (x) even or odd?

b) Find possible equations for f(x) andg(x).

b) Let h(x)= f o g(x) . Find h(2).

c) Find h'(1).

d) Is g(x) increasing at x=1.5? Is f(x) increasing at x=1.5? What about h(x)?

e) How many horizontal tangents does h(x) have? Explain.

8. Find f! f* and f'! f for any 1-1 function f and explain your reasoning.



