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Differential Equations 

In many natural conditions the rate at which the amount of an object changes is 

directly proportional to the amount of the object itself.  For example:   

 

1) The marginal cost of a product varies directly with the number of units 

manufactured.  

 

2) The rate at which certain populations increase varies directly with the size of 

the population, i.e.  dP
kt

dt
=  where ( )P t  is the population at time t . 

 

3) The temperature of a body changes at a rate proportional to the positive 

difference between the temperature of the body and its immediate 

environment.  This is often called Newton’s Law of Temperature Change.  In 

the case of a body cooling we have ( )dT
k T E

dt
= ! .  Where E  is the fixed 

temperature of the environment and ( )T t  is the temperature of a body at time 

t .  k  is a positive constant.  In the case of a body heating, e.g.  putting an egg 

into a saucepan of boiling water, we have ( )dT
k E T

dt
= !  where k  is positive. 
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4) If a substance is poured into a glass of water and the substance dissolves then 

the rate at which the substance dissolves is directly proportional to the 

quantity of the substance left undissolved.  

  e.g.   dS
kS

dt
=  where S  is the quantity of substance undissolved.     

  Here k  is a negative constant. 

 

5) A radioactive substance decays at a rate directly proportional to the amount of 

substance.  dM kM
dt

=  where M  is the amount of substance present.  k  again 

is a negative constant. 

 

Each of the foregoing examples is modeled by the differential equation dy
ky

dt
= .  To 

solve a differential equation expressed in this form we mean find y  explicitly in 

terms of t .  This can be effected as follows:  

  dy
ky

dt
=  

 ! 
1 dy

k
y dt

=  

Integrating both sides of the equation with respect to t  yields 

  ln y kt c= +  

For most practical problems y  is always positive and so we can say ln y kt c= +  for 

some constant c . 
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 i.e. kt cy e +=  

     c kte e= !  

 i.e. kty Ae=  where A  is a constant. 

Note that this equation is a solution to the original equation because  

if   kty Ae=  

then ktdy
Ae k ky

dt
= ! =  as required.   

 

Example 1 

Question: Suppose 4
dy

xy
dx

=  and 1y =  when 2x = .  Find y  when 3x = . 

Answer:   4
dy

xy
dx

=  

  !  
1

4
dy

x
y dx

=  

   2
ln 2y x c= +  

  When  2x = , 1y =  (given) 

  !  ln1 8 c= +  

      0 8 c= +  

    8 c! =  

  !  2ln 2 8y x= !  

  i.e. 
22 8xy e !=  

  !  When 3x = , 10
y e= . 
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Example 2 

Question: 2
y

dy x
dx e

=  and 0y =  when 1x = . 

  Find y  when 2x = . 

Answer:  2
y

dy x
dx e

=  

  !  2y dy
e x

dx
=  

  Integrating both sides with respect to x  we get: 

    2ye x c= +  

  When  1x = , 0y =  (given) 

  !  0 21e c= +  

  i.e. 0 c=  

  i.e. 2y
e x=  

  When  2
2x = , 4y
e =  

  !  ln4y = . 

 

As a precautionary note, remember that the process of differentiation is not a 1 – 1 

function since, for example, ( ) ( )2 2 1D x D x= + . 

 

It follows that integration, the inverse operation of differentiation, is NOT a function 

since for example 22xdx x k= +!  for any constant k . 
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Therefore to solve differential equations it is necessary to be given some initial values 

of the variables. 

 

Example 3 

Question: The rate at which the population of a bacteria culture grows is  

   proportional to the number of bacteria present.  If the number of  

   bacteria grew from 1000 to 5000 in 10 hours find the number of  

   bacteria after 15 hours. 

! Answer: Let ( )B t  be the number of bacteria present at time t .   

  i.e. dB
kB

dt
=  

  !  1 dB
k

B dt
=  

  !  lnB kt c= +  (note that 0B >  for all t ) 

   kt c
B e

+=  

   c ktB e e=  

  When 0t = , 1000B = ,  !   1000
ce = . 

  i.e. ( ) 1000 ktB t e=  

  When 10t = , 5000B =  

  !  105000 1000 ke=  

  !  105 k
e=  

  !  
1

105 k
e=  
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Substituting 
1

105 ke=  into ( ) 1000
ktB t e= , we get 

   ( ) 101000 5
t

B t = !  

  When 15t = , 1.51000 5B = !  

      11180=  (approx.) 

  !  After 15 hours, the number of bacteria is 11,180 (approx.) 

 

Example 4 

Question: The atoms of certain radioactive elements disintegrate such that it is 

known that the amount of such substances changes at a rate 

proportional to the amount present.  Polonium decays into lead such 

that after 100 days it has lost 30 % of its initial amount.  Find the half-

life of Polonium. 

Answer: Half-life means the number of days after which the amount of 

Polonium is one half the amount it was at the beginning.   

 Let ( )P t  be the amount of polonium at time t  days.  Let 0P  be the 

initial amount. 

dP
kP

dt
=   (where k  is a negative constant because P  is   

   decreasing) 

  From the previous examples we can deduce that 

   ( ) 0
kt

P t P e=     
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After 100 days the polonium has lost 30 % of its initial mass.  

Therefore after 100 days, 00.7P P= . 

i.e. ( ) 0100 0.7P P=  

Substituting in ( ) 0
kt

P t P e= , we get  

 100

0 0
0.7

kP Pe=  

!  ( )
1

1000.7 ke=  

!  ( )100
0 0.7

t

P P=  is the equation expressing the amount of 

polonium present after t  days. 

To find its half-life we must note that, at that time, 
0

1

2
P P= . 

i.e. ( )100
0 00.5 0.7

t

P P=  

i.e. ( )1000.5 0.7
t

=  

! ( ) ( )ln 0.5 ln 0.7
100

t
=  

i.e. 
( )

( )

100ln 0.5

ln 0.7
t=  

i.e. 194t =  (approx.) 

! The half-life of polonium is 194 days approximately. 
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Example 5 

Question: A saucepan of boiling water cools according to Newton’s Law of 

Temperature Change such that it cools from 100 °C to 80 °C in 5 

minutes when the ambient temperature is 25 °C.  How long will it take 

for the water to cool to 50 °C? 

Answer: Let ( )T t  be the temperature of the water after t  minutes from the 

instant when it started to cool from 100 °C. 

 Then  ( )25dT
k T

dt
= !  

 !  
  

1
T ! 25

dT
dt

= k  

 Integrating with respect to time we get 

  ( )ln 25T kt c! = +  

 ! 25 kt c c ktT e e e+! = = "  

 When  0t = , 100T =  

 !  075 ce e=  

 i.e. 75c
e =  

 !  25 75 kt
T e! =  

 When  5t = , 80T =  

 !  555 75 k
e=  

 !  
  

55
75

!

"#
$

%&

1

5

= e
k  
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 i.e. 

1
511

15
ke ! "= # $

% &
 

 Substituting into 25 75 ktT e! =  we get 

  
511

75 25
15

t

T ! "= +# $
% &

 

 When  50T =  we have 

  
511

50 75 25
15

t

! "= +# $
% &

 

  
51 11

3 15

t

! "= # $
% &

 

 Taking logarithms both sides, we have 

  
1 11

ln ln
3 5 15

t! " ! "=# $ # $
% & % &

 

  

1
ln

35
11

ln
15

t

! "
# $
% & =
! "
# $
% &

 

  17.71 t=  

 The water will cool to 50 °C after 17.71 minutes. 
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Example 6 

Question: A raindrop falls with acceleration 9.81
3.2

v
!  (metres/second) per 

second where v  is the velocity in metres/second.  Find the raindrop’s 

limiting velocity as time increases assuming the raindrop’s initial 

velocity is 0. 

Answer: acceleration 9.81
3.2
v

= !  

 ! 31.392
9.81

3.2 3.2
dv v v
dt

!
= ! =  

 !  1 1
31.392 3.2

dv
v dt

=
!

 

 Integrating with respect to time we get ( ) 1
ln 31.392

3.2
v t c! ! = +  

 i.e. ( )ln 31.392
3.2
t

v c! = ! !  

 i.e. 3.231.392
t

cv e e
!

!! =  

 When  0v = , 0t =  

 i.e. 31.392 ce!
=  

 i.e.   31.392! v = 31.392e
! t

3.2  

 i.e.   31.392! 31.392e
! t

3.2 = v  

 As time increases without bound then 3.2
t

e
!

 approaches zero. 

 !  The limiting velocity of the raindrop is 31.392 m/sec. 
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Example 7 

Question: A cook monitors the temperature of a roast that is in an oven set at 

180 °C.  At 12 noon the temperature of the roast is 110 °C and at 1 

p.m. the temperature of the roast is 160 °C.  If the temperature of the 

roast was initially 20 °C at what time was the roast put in the oven? 

Answer: Let ( )T t  be the temperature of the roast and let t  be the number of 

hours after 12 noon. 

  ( )180
dT

k T
dt

= !  

 ! 1
180

dT
k

T dt
=

!
 

 Integrating both sides with respect to t : 

  ( )ln 180 T kt c! ! = +  

 !  ( )ln 180 T kt c! = ! !  

 !  180 kt c c ktT e e e! ! ! !! = =  

 At 12 noon, 0t =  and 110T =  

 !  70 ce!=  

 i.e. 180 70 ktT e!! =  

 At 1 p.m., 1t =  and 160T =  

 !  20 70 ke!=  

 !  2
7

ke! =  

  

*  
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Substituting in  

 !  
  
180! T = 70

2
7

"

#$
%

&'

t

 

 !          T = 180" 70
2
7

#
$%

&
'(

t

 

 i.e. 
2

20 180 70
7

t
! "

= # $ %
& '

 

  
2

70 160
7

t
! " =# $
% &

 

  
2 16
7 7

t
! " =# $
% &

 

 Solving by logarithms 0.65988t = !  

 t  is measured in hours, therefore when 0.65988t = ! , we mean 39.6!  

minutes (approx.) 

 ! The roast was put in the oven 39.6 minutes before noon  

  i.e. at 11:20 a.m. (approx.) 

 

*  
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Authors’ Note: 

Often in an example such as dB
kB

dt
=  the equation is re-written 1

dB kdt
B

=  and both 

sides of the equation are integrated as 1
dB kdt

B
=! ! . 

 

This is called separation of variables.  

 

While it is true that this will lead to the “correct result”, it is frowned upon by the 

authors because 

1) Even though dB
dt

 is the limit of B

t

!
!

 as 0t! " , dB
dt

 is not a fraction itself 

and should not be separated. 

2) When we add the ! symbol to both sides of the equation it is not 

inherently clear that this is valid because, on the face of it, we will be 

integrating the left-hand side with respect to B  and integrating the right-

hand side with respect to t . 
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Worksheet 1 

1. If 1
dy

y
dx

= +  and 2y =  when 0x = , find y  when 1x = . 

2. If 2 3
dy

y
dx

= +  and 2y =  when 0x = , find y  when 1x = . 

3. If 22
dy

xy
dx

=  and 1y =  when 1x = , find y  when 2x = . 

4. If y xdy
e

dx
+=  and 0y =  when ln4x = , find y  when ln2x = . 

5. The bacteria in a certain culture increase according to the law dN
kN

dt
=  where 

N  is the number of bacteria and k  is a constant.  If 0 3000N =  and 

5 6000N =  find:  a)  1N   b)  t  when 60000N = . 

6. Population grows at a rate such that dP
kP

dt
=  where P  is the population, k  is a 

constant and t  is measured in years.  Find k  so that the population doubles in 

5 years. 

7. Uranium disintegrates at a rate proportional to the amount present at any 

instant.  If 20 grams are present at time zero and 16 grams are present after 10 

years, how many grams will be present after 20 years?  Repeat the question 

where the rate is proportional to the amount present squared. 

8. The downward acceleration of a man whose fall from a practice tower is being 

slowed by a parachute is given by 32 10a v= ! .  

Show that ( )10
3.2 1

tv e!= !  if his initial velocity is zero. 
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9. Newton’s Law of Cooling states that if the temperature of an ingot t  minutes 

after it starts to cool is T °C  then ( )15
dT

k T
dt

= ! !  where 15 °C is the room 

temperature.  Find an expression for T  in terms of t  if the initial temperature 

is 500 °C.  Find the temperature after 30 minutes if 0.02k = . 

10. The rate at which a chemical compound dissolves is proportional to the 

difference between the concentration and the concentration of a saturated 

solution.  Thus, if C  is the concentration (in grams per litre) and the 

saturation concentration is 10, then ( )10
dC

k C
dt

= ! .  Show that 

( )10 1 ktC e!= ! .  If 0.01k =  and t  is measured in minutes, what is the 

concentration after one hour? 

11. Radium decomposes at a rate proportional to the amount present.  If 200 mg 

reduces to 180 mg in 100 years, how many milligrams will remain at the end of 

500 years?  Determine the half-life of radium. 

12. A body of temperature 160 ° is immersed in a liquid of constant temperature 

100 °.  If it takes 2 minutes for the body to cool to 140 °, how long does it 

take to cool to 120 °?  Assume Newton’s Law of Cooling. 

13. P is related to t  by the formula 100 0.05
dP

P
dt

= +  where t  is the time in years 

and 0 1000P = .  Find P  when 20t = . 

14. In a certain chemical reaction, the rate of conversion of a substance at time t  

is proportional to the quantity of the substance still untransformed at that 
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instant.  If 1
3

 of the original amount of the substance has been converted 

when 4t =  min and if an amount of 500 has been converted when 8t =  min, 

find the original amount of the substance. 

 

Answers to Worksheet 1 

1. 3 1e!   2.  
2

7 3

2

e !
 3.   1

2
!  4.  ln3!  

5. a)  3446 b)  21.6 

6. 0.1386 

7. 12.8, 13.33 

9. T = 485e! kt
+15 ,  281.17 

10. 4.51 

11. 118 mgs, 658 years 

12. 5.419 minutes 

13. 6155 

14. 900 
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Worksheet 2 

1. ( )y f x=  is a function such that xdy
y e

dx
= i  and ( )0 1f = .  ( )1f =  

(A)  15.15 (B)  15.16    (C)  5.57   (D)  2.27 (E)  3.18 

2. If 2
dy

y
dt

=  and if 1y =  when 1t = , what is the value of t  for which 2y e= ? 

(A)  0            (B)  1     (C)  2              (D)  1
2

 (E)  3
2

 

3. At each point ( x , y ) on a certain curve, the slope of the curve is 2xy .  If the 

curve contains the point (0,5) then the curve contains the point  

(A)  (1,5e)   (B)  (1,1)   (C)  (2,10) 

(D)  (2,25)   (E)  (-1,5) 

4. If cos
dy

y x
dx

=  and 3y =  when 0x = , then y =  

(A)  cos 1 2xe ! +     (B)  3x+    (C)  sin3 xe  (D)  sin 3x+  (E)  sin 3 xx e+  

5. If ( ) ( )' 2f x f x=  and ( )1 1f = , then ( )2f =  

(A)  e    (B)  2         (C)  2
e  (D)  4  (E)  none of these 

6. If dx
kt

dt
= , and if 2x =  when 0t =  and 6x =  when 1t = , then k  equals 

(A)  ln4  (B)  8  (C)  3
e    (D)  3  (E)  none of these 

7. If 10
dx

x
dt

= !  and if 50x =  when 0t = , then x =  

(A)  50cos10t    (B)  1050 te!    (C)  1050 te   

(D)  50 10t!    (E)  2
50 5t!  
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8. If 
cos

cos

dy x
dx y

=  and (0,0) is a point on the curve, which one of the following 

points is also on the curve?  

(A)  
 

!
3

,
2!
3

"

#$
%

&'
   (B)  

 
0,

!
2

"

#$
%

&'
  (C)  

 

!
3

,
5!
3

"

#$
%

&'
     (D)  

 

!
4

,
" !
4

#

$%
&

'(
 (E)  

 
0,1( )   

9.  If ydy
e

dx
=  and 0y =  when 1x = , then 1y = !  when x =  

(A)  2  (B)  e  (C)  2 e!  (D)  2 e+   (E)  ( )ln 2 e+  

10.  The curve that passes through the point (1,e)  and whose slope at any point 

( ,x y ) is equal to 3y
x

 has the equation 

(A)  3y x=    (B)  3y x=    (C)  3y ex=  

(D)  33y x=    (E)  3 xy e=  

11.  On the surface of the moon, the acceleration of gravity is 5.28!  feet per 

second per second.  If an object is thrown upward from an initial height of 

1000 feet with a velocity of 56 feet per second, its velocity 4.5 seconds later is 

(A)  67.88   (B)  37.52     (C)  32.24          (D)  25.16 (E)  16.12 

12.  If the temperature is constant, then the rate of change of barometric pressure 

p  with respect to altitude h  is proportional to p .  If 30p =  in. at sea level 

and 29p =  in. at 1000h =  ft, then the pressure at 5000 ft is 

(A)  21.47 (B)   25.32     (C)  28.91         (D)  32.11 (E)  35.82 

Answers to Worksheet 2 
1.  C 2.  C     3.  A   4.  C      5.    C  6.   B 
7.    B 8.  A     9.  C 10.  C  11.  C  12. B    
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Worksheet 3 

1. The temperature inside a refrigerator is maintained at 5 °C.  An object at  

100 °C is placed in the refrigerator to cool.  After 1 minute, its temperature 

drops to 80 °C.  How long would it take for the temperature to drop to 10 °C?  

Assume Newton’s Law of Cooling. 

2. At 6 a.m. the temperature of a corpse is 13 °C and 3 hours later it falls to 9 °C.  

The living body has a temperature of 37 °C.  Assuming the temperature of the 

room in which the body rests is 5 °C, and assuming Newton’s Law of Cooling 

estimate the time of death. 

3. When a transistor radio is switched off, the current declines according to the 

formula dI
kI

dt
=  where I  is the current, t  is time in seconds and k  is a 

constant.  If the current drops to 10 % in the first second, how long will it 

take to fall to 0.1 % of its original value? 

4. Water evaporates from a lake at a rate proportional to the volume of water 

remaining.  If 50 % of the water evaporates in 20 days, find the percentage of 

the original water remaining after 50 days without rain. 

5. Let f  be a function with ( )1 4f =  such that for 0x >  and 0y > , slope is 

given by 
2

3 1

2

x
y
+

. 

a)  Find the slope of the graph of f  at the point where 1x = .  

b)  Write an equation for the line tangent to the graph of f  at 1x =  and use it   
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     to approximate ( )1.2f . 

c)  Find ( )f x  by solving the separable differential equations 
2

3 1

2

dy x
dx y

+
=  with    

     the initial condition ( )1 4f = . 

d)  Use your solution from part (c) to find ( )1.2f . 

Answers to Worksheet 3 

1. 12.46 minutes  2.  12 midnight 3.  2 seconds  4.  17.68 % 

5. a)  1
2

 b)  1 7
2 2

y x= + , ( )1.2 4.1f !  c)  ( ) 3 14f x x x= + +   d)  4.114 

Worksheet 4 

1. The bacteria in a certain culture increase at a rate proportional to the number 

present. 

a)  If the number triples in 8 hours, how many are there in 12 hours? 

b)  In how many hours will the original number quadruple? 

2. Let  ( )P t  represent the number of deer in a population at time t  years, when 

0t ! .  The population ( )P t  is increasing at a rate directly proportional to 

( )300 P t! , where the constant of proportionality is k . 

a)  If ( )0 100P = , find ( )P t  in terms of t  and k .  

b)  If ( )2 200P = , find k . 

c)  Find  ( )lim
t

P t
! "

. 
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3. The thickness, ( )f t  (inches), of ice forming on a lake satisfies the differential 

equation ( )
( )
3

'f t
f t

= , where t  is measured in hours. 

a)  If ( )0 1f = , find ( )f t . 

b)  When is the thickness two inches? 

4. A roast is put in a 300 °F oven and heats according to the differential equation 

  ( )300
dT

k T
dt

= !  

where k  is a positive constant and ( )T t  is the temperature of the roast after t  

minutes. 

a)  If the roast is at 50 °F when put in the oven, i.e. ( )0 50T = , find ( )T t  in  

     terms of k  and t .   

b)  If ( )30 200T = °F, find k . 

5. A certain population increases at a rate proportional to the square root of the 

population.  If the population goes from 2500 to 3600 in five years, what is it 

at the end of t  years?  Assume that at 0t =  years the population is 2500. 

6. The rate of change of volume V  of a melting snowball is proportional to the 

surface area of the snowball, that is, dV
kS

dt
= ! , where k  is a positive constant.  

If the radius of the ball at 0t =  is 2r =  and at 10t =  is 0.5r = , show that 

3
2

20
r t= ! + . 
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7. Let ( )F t  be the temperature, in degrees Fahrenheit, of a cup of tea at time t  

minutes, 0t ! .  Room temperature is 70 ° and the initial temperature of the 

tea is 180 °.  The tea’s temperature at time t  is described by the differential 

equation ( )0.1 70
dF

F
dt

= ! ! , with the initial condition ( )0 180F = . 

a)  Find an expression for F  in terms of t , where t  is measured in minutes. 

b)  How hot is the tea after 10 minutes? 

c)  If the tea is safe to drink when its temperature is less than 120 °, at what  

    time is the tea safe to drink? 

 

Answers to Worksheet 4 

1. a)  5.196 times as many b)  10 hours 6 minutes 

2. a)  ( ) 300 200 ktP t e!= !  b)  
1

ln2
2

k =   c)  300 

3. a)  6 1t +    b)  after 1
2

 hour 

4. a)  ( ) 300 250 ktH t e!
= !  b)  0.03054 

5. ( )22 50t +  

7.   a)    F = 70+110e
!t

10  

      b)  110 ° (approx.) 

      c)  7.88 minutes 
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Worksheet 5 

1. The half-life of a substance is 3 minutes.  Of an initial amount of 100 grams, 

how much will remain after 20 minutes? 

2. Polonium 210 decays into lead with a half-life of 138 days.  How long will it 

take for 90 % of the radioactivity in a sample of Polonium 210 to dissipate? 

3. A bowl of soup initially at 80 °C cools to 40 °C in 15 minutes when the room 

temperature is 20 °C.  Roger refuses to drink his soup if it cools to a 

temperature below 50 °C.  How long does he have before he needs to come 

to the table for his soup? 

4. An indoor thermometer reading 20 °C is put outdoors.  In 10 minutes it reads 

25 °C and in another 10 minutes it reads 27 °C.  Calculate the outdoor 

temperature. 

5. What annual rate of interest compounded annually is equivalent to an annual 

rate of 6 % compounded continuously? 

6. A cook monitors the temperature of a roast that is in a 200 °C oven.  At  

2 p.m., the temperature of the roast is 80 °C and at 3 p.m. the temperature of 

the roast is at 156 °C.  If the temperature of the roast was initially 20 °C at 

what time was the roast put in the oven? 

7. The motion of a stone falling from rest from the top of a high building is 

governed by the differential equation 

acceleration 1
32

2
dv

v
dt

= = +   
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where v  and t  represent velocity and time respectively as usual.  Find the 

velocity after 4 seconds.  Find also the distance the stone falls from its initial 

position after 2 seconds.  

8. When a person dies the temperature of their body will decrease from 37 °C to 

the temperature of the surroundings.  The situation is modeled by Newton’s 

Law of Cooling.  A person was found murdered.  Police arrived at the scene 

of the murder at 10:56 p.m.  The temperature of the body at that time was  

31 °C and one hour later it was 30 °C.  The temperature of the room in which 

the murder was committed is 22 °C.  At what time (to the nearest minute) was 

the murder committed? 

9. The population of Russia in 1969 was 209 million.  It is estimated that the 

population P  is increasing exponentially at a rate of 1 % per year  i.e.  

.01
dP

P
dt

= . 

a)  Estimate the population of Russia in 2009. 

b)  After what period of time will the population be double that of 1969? 

10.  Research has provided data which substantiate the model that the risk ( r %) 

of having an automobile accident is related to the blood alcohol level (b%) by 

dr
kr

db
=  where k  is a constant.  The risk is 1% if the blood alcohol level is  

0 % and the risk is 20 % if the blood alcohol level is 14%.  At what blood 

alcohol level will the risk of having an accident be 80%? 
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11.  When a coil of steel is removed from a furnace its temperature is 684 °C.  

Four minutes later its temperature is 246 °C.  How long will it take for the coil 

of steel to cool to 100 °C?  The surrounding temperature is 27 °C.  Assume 

Newton’s Law of Cooling. 

12.  The velocity of a skydiver satisfies the differential equation 

     
1

4

dv
g v

dt
! "

= #$ %
& '

  

where g  is the acceleration due to gravity. 

a)  Find the velocity as a function of time.  Assume initial velocity is 0. 

b)  Show that the limiting velocity of the skydiver is 4g . 

c)  How long will it take for the skydiver to reach 90% of his limiting velocity   

    (often called terminal velocity?) 

13.  Let ( )v t  be the velocity, in feet per second, of a skydiver at time t  seconds, 

0t ! .  After her parachute opens, her velocity satisfies the differential 

equation 2 32
dv

v
dt

= ! ! , with initial condition ( )0 50v = ! . 

a)  Find an expression for v  in terms of t ,  where t  is measured in seconds. 

b)  Terminal velocity is defined as ( )lim
t

v t
! "

.  Find the terminal velocity of the  

     skydiver to the nearest foot per second. 

c)  It is safe to land when her speed is 20 feet per second.  At what time does  

     she reach this speed? 
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Answers to Worksheet 5 

1. 0.984 grm 

2. 458.4 days 

3. 9.46 minutes 

4. 1
28

3
 °C 

5. 6.184 % 

6. 1.36 p.m. 

7. 408.9,   91.94 

8. 6:36 p.m. 

9. a)  311,791,000 

b)  69 years 

10.  20.5 % 

11.  8 minutes 

12.  a)  44 1

t

v g e
!" #

= !$ %
& '

 

 c)  9.2 seconds (approx.) 

13.  a)  216 34 tv e!+ =  

 b)  16!  ft/sec 

 c)  1.07 seconds 
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Slope Fields 

A slope field is a relatively recent method for helping to solve differential equations.  

It involves drawing, either by hand, by graphing calculator, or by computer, a picture 

of small segments representing the slopes at many points as calculated by substituting 

into the differential equation given. 

 

For example, if we were given 
dy x

dx y
= !  (and 2y =  when 0x = ) then the slope field 

would look like 

 

Note, for example, that at the point (1,1) the slope is 1
1

1
!

= !  and at (-1,1) the slope 

is 1 1
1

1 1
! !

= = .   
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It must be remembered that the slope field is a representation of the original equation 

and as such is a representation of the solution to the differential equation.  For our 

example it certainly seems that the solution to the differential equation is a circle.   

We can check this by solving the differential equation analytically: 

  
dy x
dx y

= !  

 !  dy
y x

dx
= !  

 !  
2

21
2 2

x
y c= ! +  

 i.e. 2 2 2y x c+ = . 

 When 0x = , 2y = , !  2c = . 

 i.e. 2 2 4y x+ =  which is a circle centre (0,0) as shown on the slope field. 

 

Of course greater value obtains to using slope fields when we are trying to solve more 

complex differential equations.   
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For example, consider the differential equation dy
x y

dx
= + . 

 

Shown are the representations of the solutions passing through  

1)  (0, 1
2

)   2)  (0,-1)          and   3)  (0,-2) 

Solving dy
x y

dx
= +  analytically is beyond the scope of this book but suffice it to note 

that the solution is 1 xy x ce= ! ! +  for some constant c  which is determined by being 

told a point through which the graph passes. 

Note for example that if the graph passes through (0,1) then the solution is 

1 2 xy x e= ! ! +  which is modelled by the top-most graph outlined on the picture. 

Similarly if the graph passes through (0,-1) then the solution is 1y x= ! !  which is 

clearly indicated by the picture. 
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Furthermore if the graph passes through (0,-2) then the solution is 1 xy x e= ! ! !  

which is modelled by the bottom-most graph outlined in the picture. 

Remember that the solution to differential equations is modelled by starting at the 

point given and tracing on the slope field the direction suggested by the line segment 

slopes.  For example below is shown the slope field for the solution to: 

2dy
y x

dx
= ! !  

Drawn in thick type are the solutions (top to bottom) passing through 

a)  (0,2) b)  (0,0) and c)  (0,-2) 

 

Again, analytically solving for the solutions to the differential equations is beyond the 

scope of this book but for your interest the solutions are 

a)  2 2 2 4 xy x x e!= ! + ! +         b)  2 2 2 2 xy x x e!= ! + ! +             c)  2 2 2y x x= ! + !  

which are represented on the picture. 
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Worksheet 6 

1. Match the slope fields shown below with their differential equations. 

    

 

   

(A)  dy
y

dx
= !  (B)  dy

y
dx

=  (C)  dy
x

dx
=  (D)  

1dy
dx y

=  (E)  2dy
y

dx
=  

 

I   II  

 III 

 IV V 
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2. Match the slope fields shown below with their differential equations. 

 

    

      

    

(A)  21
dy

y
dx

= +  (B)  dy
x

dx
=  (C)  sin

dy
x

dx
=      

(D)  dy
y

dx
=   (F) 4

dy
y

dx
= !  (E)  dy

x y
dx

= !  

I   II  

 III 

 V  VI 

 IV 
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3. The slope field for the differential equation 2dy
y x

dx
= !  together with two 

special solutions is shown below. 

a)  Verify that 2 2 2y x x= + +  and 2 2 2 2 xy x x e= + + !  are the two solutions 

shown and indicate which solution goes with which curve. 

b)  Estimate the y -intercept of the solution which passes through (-1,0). 
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4. Which of the slope fields shown below represents 
dy x y
dx x y

+
=

!
 

 

 

 

 (A) (B) 

 (C) 
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5. Match the slope fields shown below with the following differential equations. 

    

    

    

(A)  xdy
xe

dx
!=   (B)  sin

dy
x

dx
=  (C)  cos

dy
x

dx
=   

(D)  2 xdy
x e

dx

!=  (E)  
2xdy

e
dx

!=   (F)  xdy
e

dx
!=  
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6. Shown below is a slope field for the differential equation ( )( )1 2

2

y ydy
dx

+ !
= . 

a) Plot the points i)    (0,0) 

    ii)   (0,1) 

    iii)  (1,0) 

    on the slope field. 

b) Plot solution curves through the points in a).  
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7. Consider the differential equation 2 4
dy

y x
dx

= ! . 

a)  The slope field for the given differential equation is provided.  Sketch the  

     solution curve that passes through the point (0,1) and sketch the solution  

     curve that passes through the point (0,-1). 

 

 b)  Let f  be the function that satisfies the differential equation with initial  

       condition ( )0 1f = .  Use Euler’s method, starting at 0x =  with a step size  

        of 0.1, to approximate ( )0.2f . 

 c)  Estimate the value of b  for which 2y x b= +  is a solution to the given  

        differential equation.  

 d)  Let g  be the function that satisfies the given differential equation with the  

      initial condition ( )0 0g = .  Does the graph of g  have a local extremum at  

      the point (0,0)?  If so, is the point a local maximum or a local minimum? 
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8. The figure below shows the slope field for a differential equation ( )dy
f x

dx
= . 

Let  ( ) ( )g x f x dx C= +!  be the family of functions which are solutions of the 

differential equation. 

                               

a)  Determine to the nearest integer the value of x  for which all of the  

     members of the family of ( )g x  will have a relative minimum value.  Justify  

     your answer. 

b)  Determine to the nearest integer the value of x  for which all of the  

     members of the family of ( )g x  will have a relative maximum value.  Justify  

     your answer. 

c)  Sketch the member of the family of ( )g x  for which ( )0 2g = ! .  Justify  

     your answer. 

d)  For the function sketched in part c), determine the solution(s) of ( ) 0g x =   

     to the nearest integer. 
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Answers to Worksheet 6 

1. I – B, II – A,  III – D,  IV – E,  V – C  

2. I – D,  II – A,  III – E,  IV – C,  V – F,  VI – B 

3. a)  Upper graph is 2 2 2y x x= + +  

     Lower graph is 2
2 2 2

xy x x e= + + !  

b)  (0,-1) 

4. B 

5. I – B,  II – C,  III – A,  IV – F,  V – E,  VI – D 

7. b)  ( )0.2 1.4f !  c)  1b =  d)  Yes, local maximum. 

8. a)  2x = .  To the left of 2x =  the slope is negative, to the right it is positive.   

     The functions are decreasing, then increasing.  By the First Derivative Test  

     this indicates a relative minimum near 2x = . 

b)  1x = ! .  To the left of 1x = !  the slope is positive, to the right it is  

     negative.  The functions are increasing, then decreasing.  By the First  

     Derivative Test this indicates a relative maximum near 1x = ! .   
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c)  Start at the point (0,-2) and sketch in both directions, following the  

          directions indicated by the segments which make up the slope field. 

 

d)  The sketch intersects the x -axis near 4x = .  This is (approximately) the  

     solution of the equation graphed in part a).   

     Note that since the derivative is a function for x  only, the slope will be the  

     same for each member of the family, at each value of x .  This is why each  

     segment of the slope field appears parallel to those segments above and  

     below it.  This is also why maximums and minimums occur at the same x   

     value for all members of the family. 

  


