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Trigonometry Review for Calculus

Section A: Basic Definitions and Identities- Try this. However, fill in the blanks in
any case. We will derive #1a) in the first class

1. a) Using the diagram provided, fill in the lengths representing each of the six
trigonometric ratios. Mark the angle 6 in each place where it appears in the
diagram (within each triangle).

Shown below is a unit
circle.

A tangent is drawn at
any point P(x,y),
intersecting the x axis 5 AP=cot®
at B and the y axis at

A. PC is constructed OA=csch
perpendicular-to-the
x-axis as shown. Let
ZPOC=6.

b) Fill in each of the appropriate_iaentities:

Reciprocal Identities Pythagorean Identities (from triangles above)
1. cot! = 1. sn®! +cos’! =1 (triangle OPC)
tan@
1 ) ’ .
2. secO= 2. 1+tan’! =sec®!  (triangle OPB)
cos/
1 5 ) .
3. csc! = — 3. 1+cot’! =csc’!  (triangle OPA)
sné
Quotient Identities Complementary Function Identities
in
1. tan/ = SN0 1. sin! =cos(90" 1)
cosf
2. cot! = <00 2. tand = cot(90- 6)
sin 6

3. sec! =csc(90" /)



2. Special Triangles: Fill in the blanks for the following special right-angled

triangles.
45° 30°
O
sin45=i sin30 = E , Sin60 = ﬁ
J2 2
cos45= i cos30 =—3 , €0s60 = E
J2 2 2
1
tan45 =1 tan30= ——, tan60 = /3
J3

3. Calculations without the use of a calculator (CAST rule, special triangles)

a) If P(4, -3) is a point on the terminal arm of an angle 0, then sin!/ =! g

Using Pythagoras to find OP=5

lv3
b) If cos! = - and 0°! "1 360°, then” =150° or 210° (Quadrants)
4) Radian Measure: Is the ratio of the arc length to the radius.
30 T 200, 10"
30 degrees= — -1 =— 200 degrees =——!" = —
180 6 180 9
o 21,180 . 180 #1808
— =—""—= =11"——= =
3 radians o 12¢° 1 radian = 11=== g67~( 57.296

Arcs of a Circle, Sector of a Circle
4. If a is the length of an arc, r the radius of the circle,

! the measure of the central angle in radians, A the area of the sector

Formulas: /=2 and A= %rzl OR A= %ar
r

ex Find the length of an arc and area of a sector of a circle of radius 30 cm,
central angle ! =1.2 radians

a=30(1.2)=36 cm and A=%(3o)2 (1.2) = 540c?



5. Sine Rule, Cosine Rule, Area of a Triangle:

a) Given that angle A is obtuse in the triangle shown below, find the measure of

angle A to the nearest degree. Cosine rule: a*> =b* +¢’ ! 2boccos A
sinA  sin20°
= Al 53°,(180 - 53" .
1 5 = 537,(180 - 53") Sine Rule: a b c

; , 0 SnA snB _ snc
Since A is obtuse, A=127

b) Find the area of the triangle shown above:

. . . 1
Trigonometric Formula: Area of a Triangle= —absinC

Area= %absinc = %(14)(6)sin33’°

=22.87%m’
Where C=18020-127-33

T4cm
6cm

20°

6. Prove the following identity:

2tan/
1+tarf!

LS= 2tan?
1+tan“06

23in9

— _Cosf
sec? 6
—23n9-00529

cos9

=29n6cosh
RS

=2sin! cos!

RS = 2sn6cosh




' nmon

7. Solve each of the following in the interval [! “,

a) 2sin’ X! cosx=2
2(1! cos x) | cosx=2
200S X+ cosx=0
cosx(2cosx+1)=0

cosx =0 or cosx= %

ox" [V #,#]

gy 2 F 222
2 2 3 3

b) tan3x = tan®(3x)
tan 3x — tan’(3x) =0
tan 3x(1 — tan(3x)) =0
tan3x =0 or tan3x =1

3x =0+ k7 or 3x:§+kn,kez

k T km
x=0+—orx=—+—
12 3

let k = £3,+2,%1,0
21w
,t—
3

T
xX=zxr ,iE,O orx=——-

—1lr =Im —r © S5m 3w

12 712747127127 4

]:



8.Graphs of y=sin/ ,y=cos!/ andy=tan/
Amplitude: 1, Period: 2/

fx) = sio)

Amplitude: 1_, Period: 2/

Amplitude: none Period: !

f(x) = ta)




b) Graphs of reciprocal functions: Draw the reciprocal functions on the graphs of
y=sinx, y=cosx and y=tanx, respectively, as shown below:

y=CSCX

y= sec X

y= cot X




Predict a possible equation for each of the following graphs:
Ex 1

Answer: period =47x , amp=2 vertical shift down 1 = y = 25in(§) -1

Ex 2

AN
\VEAVARY,

(-5, 1) is a known max at an integer value, so use a translation of 5 to the left of a
. . . . 1 .
cosine curve (just easier), amp=1/2 , period =! " y= Ecos[Z(x+ 5)] is AN

equation.



Sum/Difference, Double Angle Trigonometric Formualae
Using the diagram below, prove the identity: cos(A! B)=cosAcosB +sinAsin B

Shown below is a unit circle. Let ]
P, Q represent any two points onz
the unit circle. Let A9 QOD,
B=! POC" A-B=! QOP

+5

o
3,




Proofs for related sum/difference, double angle formulae:



Section B: Long Answer! Full Solutions Required

2|| |

. . tan™ ' 1
1. Prove theidentity: Z—ZCOSZ"
tan™ +1

5 CScA
" cotA+tanA

=COSA
3. Solvefor " intheinterval O# " # 2$:

a) 2cos® +cos" =1

b) sin2" =3cos®"

c) 2tan®" + 32 =8
cos™

4. a) On the same set of axes graph y=tanxand y=sin2x over the interval 0#x#2$.

Circle the points of intersection.

b) Find the points of intersections you circled algebraically.

5. Given that gs A<mrandr < Bs%rand that sinZA:l;’ and cotB:%, find:

a) snA

b) cos2B

C) tan(B+£].
4
/

Use your answer to determine whether B is greater than 57



10. Find Lin(‘)l% using a geometric proof

Shown below is a unit
circle.

A tangent is drawn at
any point P(x,y),
intersecting the x axis
at B and the y axis at
A. PC is constructed
perpendicular to the
x-axis as shown. Let
ZPOC=6.

15
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Problems- Identities, Equations- No calculators! (except for 3c)

2
1. If sin!/ = 5 and !/ is acute, find the value of a) sin2!/ and b) sin4! .

2. Find tanx given tha thevaue of tan(x—gjﬂ) =2

3. Solve each of the following in the interval [0,2x].
a) dn°X+ cos’ X = COSX

b) sinzxcoszx=3
16
C) cox+tanx=0

d) cox =gn(x+ 3?7[)

e) tan(2x) = (you may use your calculator for this near the end)

1+tanx
4. Prove each of the following identities:

sn2x
——=tanx
1+ cos2x

b) 2csc2x=secxcscx

5 Predict an equation for the following graph:
Note: the first minimum value of x>0 is at the point(6,! 1)




6. At the ocean, it is known that the tide follows a trigonometric path. At high tide,
the water comes in to a point 1 metre from where | placed a flag. At low tide, the
water comes in to a point 11 metres from the same flag. The time it takes from to
get from high tide to low tide is 5 hours. It is now midnight and it is high tide.
(Note: low tide=max and high tide=min in this case)

a) Plot the motion for two complete cycles below:

b) State a possible equation for this motion.

c) We want to wake up and go to the beach when we can set up our towels
at a time between 10 am and 2 pm the next day when the water will be 4
metres from our flag. At what time will this be? Explain what you did, even
if you used your graphing calculator to find the answer.



Day 2- Continued

Example 4: Find all possible value(s) of b such that h(x) =!6x*! 24x+b is
tangent to the function g(x)=3x*.

Example 5: Predict an equation for the graph shown below.

2x!'1
X1

Example 6: Determine the value(s) of x such that "1




Example 7: a) Find the domain of the function f(x)=+2x+4! Jx+1
b) Find the x-intercepts of f(x)=+v2x+4! Jx+1
c) Find the range of the function f(x)=+2x+4 —Jx+1

Example 8: Find all solutions to the equation |x! 3+2|x+1=8



Day 2- Problems- No calculators All answers should be in exact form

8.

a) Find the equation of the tangent to the curve y= i2 at the point (2,1).
X
b) Find the point at which this tangent intersects the curve y= iz again.
X

. . 4 .
¢) Find the equations of any tangent to the curve y=— which passes
X

through the point Q(2,0). Note: Q is not on the curve

Given that the graph of y=ax’+bx® + 4x! 12 touches the x-axis at
x= -2, find the values of a,b and find the other zero.

The function f(x)=ax’+bx’! 3x! 2 leaves a remainder of 24 when
divided by x—2 and it is known that x+1 is a factor of f(x).

a) Find aandb.
b) Determine the intervals when f(x)>0

c) Determine the intervals when f(x) is increasing

x*1 8

Determine the intervals where > x" 0

x! x
Find the value(s) of ¢ and a so that y =cx’! 2x* +3x has a tangent at

the point ( 1,a+1 ) whose slope is 5. Find where the tangent meets
the curve again.

Solve: |x-122x-5

a) For which interval is|2x+5|! |x+1" O
b) Find the domain, range of the function f(x)=|2x+5|! |x+1|

Solve for x

a) x(x! 2)!*31! 2(x! 2)2:4! X
b) V2x+5 —x-1=2
c) V2x+5-x-1<2

9.

When a quartic polynomial function P(x) is divided by x*! 3x+7, the

quotient is x>+ x! 1 but the remainder is unknown. However, when the
same function P(x) is divided by x! 2, the remainder is 29 and when it is

divided by x+1, the remainder is -16. Find the equation of P(x).



Extra Questions- Solving Equations, Inequalities

1.
2.

1+5

Write down a cubic polynomial having roots of 16, —

Find the values of m and k so that
X—1 and X+ 1 are both factors of X® + mx* — kx+ 5

Solve: x®! 6x*" 5x" 12

a) Solve: Vx+1++x+6=5
b) Solve: Vx+1++/x+6>5

Consider the graph of y=x*! 3x*! 4x+12. A rectangle is drawn in the

first quadrant where one edge of the rectangle lies along the x-axis, one
edge along the y-axis and one vertex lies on the graph. The area of the
rectangle is 6. Find the possible coordinates of a vertex of the rectangle
which is one the curve.

y=kx+k is tangentto y=x" ! 4x+11. Find the possible values of k.

. Solve each of the following inequalities:

a) X>+6>7x

b) x2+§! 7
X

o) Vx+61 Vax1 2[>1
d) 12]x1 31 x=9

Find the possible values of the positive integer a and hence write down

the possible equations for the resulting function, given that it bounces off
the x-axis at (-2a,0) and again at (a,0) and has a y-intercept (0,64) and
has no other x-intercepts.

When x” + mx + 3 is divided by x-1, the remainder is k. When
x* + mx+ 3 is divided by x+1, the remainder is k’ — 4. Find the possible
value(s) of mandk.

10.Consider the equation |2x! 2| =! x + k. Use a graphical solution to discuss

for which values of k this equation will have two solutions.



Answers: 1. X’ —17x* +15x+16=0 2. m=-6,k=0 3. x! "1or3! x! 4
4a) x=3 b) x>3 5. (1,6) 6. k=-14,2
7a) x! 2or " 3#Xx#1b) x! 2or0O<x" 1orx" #37c) x>19o0r1! x<3
d) no solution 8. a=2 or a=1and the possible equations are:
f(x) =1Ux+4)*(x-2)* orf(x) =16(x + 2)*(x—1)* 9. k=-4,3 and m=-8,-1 10. k>1



Day 3- Classification and Graphing of Functions and their Inverses

Functions may be special in that they can have some form of symmetry or
property. An even function is symmetrical in the y-axis. An odd function is
symmetrical in the origin. A 1-1 function is special in that every y value (output)
can be uniquely reversed to exactly one x-value (input). The inverse of a
function f(x) is usually denoted by f''(x). Note that only 1-1 functions have

inverses that are themselves functions. Why?

Also, the graph of an inverse function is symmetrical to the graph of the original
function. What is this symmetry and why?

Note: The symbol for an inverse can be confusing, as students tend to confuse it
with a reciprocal function. This is understandable, as the raised -1 has two
different meanings. Look for this in context. Even then, it can be confusing. For
example, if we look at f(Xx)=cosX, is

| 1 . .
tan' " x phv cotx (ie as areciprocal)?
anx

ordo we mean tha tany = x (iey is the angle whose tangent isx) ???? It is unclear.

Normally, when we see tan'' x we assume it is the inverse (the second one).
However, when you wish to find the derivative of something like y= cotx and if
you forget the formula for the, you may wish to write this in the first form.

Conditions for even, odd, 1-1 functions, inverse functions and their derivatives:



Examples: Decide whether the following functions are odd, even, 1-1 and find
the inverse of each. Find also the domain and range.

2X+ 3
+

8) f(0="""

1




b) g(x) = XXZ L

N | R
N | R

¢) h(x) = 2sinx, where x! &
&



Note that in the previous example, the restriction in the domain made the function
1-1. What restrictions should made on the graphs of y=cosx and y=tanx to
guarantee their inverses will be a function? Note: the restriction should be such
that the angles are as small as possible (closest to zero) that still allow for every
output possible.

Example 2: What type of function is f(x) = cosx ? What type of function is its
derivative f!(x)? What type is f”(x)? Generalize the result for odd and even
functions.

Example 3: Draw the graph of f(x)="!+/x! 3and its inverse on the axes below.
Find f’(4). Letf *(x) = g(x). Findg’(-1). Explain how these are related and make a

conjecture about a general relationship between the slope of a function and the
slope of its inverse (assuming the function is 1-1).




Example 4: Let §(X) be the inverse of the function f(x). If f(x)=x®+x! 4,
a) Show that f(x) is a 1-1 function.
b) Find g(!2)
¢) Find ¢'(-2)



Composition of functions — May be written as f! g(x) = f(g(x))

Let f(x)=! %x3+%x2 andg(x)=!3x! 3+6vVx+1

a) Draw a sketch of f(x)=! éx3+%x2 and g(x) =!3x! 3+6+/%x+1 inthe

interval [-1, 3] separately on the axes shown below, indicating intercepts

and any relative extrema (max/mins).
f(x) a(x)

S b) -

Find f(g(3)) and f(g(0).
c) Findif h(x)= f(g(x)). Andh!(3) graphically.
d) Find the number of horizontal tangents h(x) hasin theinterval [-1,3]?



Day 3- Problems-No calculators- All answers should be in exact form

1. State whether the following functions are even, odd, 1-1. In each case, find
the domain, range. Find the inverse of each and state if the inverse is a function.

a) f(x)=vx?! 16
1
b) h(x) = x3
c)g(x)=2sin"x +% (note: that to clarify, one can use 2arcsinx to mean the

same thing as 2sin'*x)

2. If f(x)=2x+Inx, andg(x) = f*(x), findf (1), f'(1) andg’(2). Does f(x)=2x+Inx
ever have a slope of zero?

3. Using f(x)=+/x*-16 again, find f’(5). Find also the derivative of the inverse
of f at x=3. Comment on how you can do this in two ways.

. . . . 3x+1 o
4. Determine the points of intersection of y = al and its inverse. How could

x+3
you do this most efficiently?

5. 1f h(x)=f (9(2x)), and it is known that

f(1)=14, f'(1)=5, g(6)=1, g'(6)=9, then h'(3) equals:
(A) 45 (B) 30 (C)P15 (D) 90 (E) 60
6. g(x) is an even function and f (x) is an odd function.

It is known that f (4)=6, f'(4)=3, g(4)=8, and g'(4)=-3.
If h(x):%,then h'(14)=

21 3
(A) e (B) o (©) 21 (D) 32 (E) cannot be found



7. The graphs of two functions f(x) and g(x) are shown below. They are valid in

the interval [-4,4].

f(x)

a) Is f (x) even or odd? Is g (x) even or odd?

b) Find possible equations for f(x) and g(x).

b) Let h(x) = f! g(x). Find h(1).

c) Find h'(1).

d) Is g(x) increasing at x=1.5? Is f(x) increasing at x=1.5? What about h(x)?

e) How many horizontal tangents does h(x) have? Explain.

8.Find f! f* and f'of forany 1-1 function f and explain your reasoning.



Answers to Problems-Day 3- Classifications and Graphing of Functions, Inverses

x! 4orx" #4,y! 0,even,notl#1, invarse notafundion,
1. a)
inverse equaion:y=+/x*+16 wherex! 0 *important to date

b) inverseisafundion, 14, oddx! R,y! R,h"*(x) =x°

C) not even or odd, 1-1, domain x! ! :"1#x#1,
range ye! '—£<y<3—n
277 27
0 5l
g’l(x):sing/%g where ! E) x) 3?*from rangeof origind
o -
2. f(1)=2, (1)=3, g’(2)=1/3, X=e—];
3. g(3)=3
4. (1,1), (-1,-1)
5. h'(3) =90
6. 21/32
7. a)f,gevenand f(x)=! ixz(x! 4)(x+4) andg(x) = 4sin2#"x‘(&, b) h(1)=0,
15 ¥

c)h’(1)=0, d) <0 €) 19
X

o



Extra Review Questions- Functions and Inverses

1. State whether odd, even, 1-1 and find the domain, range.
2

D) 0= x! Jx b)g(x)=))((2—+1 Oho) == d)y=1! \>x@1 3x! 4

+4 K
2. Find the inverse and state whether the inverse is a function.
i1 x* -1
Ay=snt(x+D+= Db)y=
) y (x+D+7  By=277,

/
3. Iff(x)zlgx+sinx, where0" x " E and g(x) = f*(x), find:

a) ¢(3)
b) ¢%3)
c) Explain why f is1-1.

4. 1f h(x)=1! l find:
X

a) h(2) b) h(h(2)) c) h(h(h(2))) d) prove that h(h(h(X)))) = x

5. If h(x)=1! 1 and g(x)=2x-2, finda) h™,g* b) goh(x) c) h''og'*(x)
X

d) comment on what your answers to b) ¢) suggests about order in composing
inverses.

6. If f(x) is an even function and g(x) is an odd function, then comment as to
whether the following is odd or even or neither:

a) h(x)=f(x)! g(x) b) p(x)=F()+g(X) ¢) c(x)=rog(x) d) n(x)=g! f(x)
e) hl(x)

7.Let f and g be differentiable functions such that

f(@)=2 f'@=3  f'(2)=!4

g()=2 g'(M=!3 g'(2)=5

If h(x)= f (9(x)). then h'(1)=

(A) B9 (B) B4 (C) 0 (D) 12 (E) 15



